Chapter 5
Kalman Filtering over Wireless Fading Channels

Yasamin Mostofi and Alireza Ghaffarkhah

Abstract In this chapter, we consider the estimation of a dynamicstesy over a
wireless fading channel using a Kalman filter. We develomanBwork for under-
standing the impact of stochastic communication noisekgtairop and the knowl-
edge available on the link qualities on Kalman filtering ofaeting channels. We
consider three cases of “full knowledge”, “no knowledgetidpartial knowledge”,

based on the knowledge available on the communicationtguee characterize
the dynamics of these scenarios and establish the necessdrsufficient condi-
tions to ensure stability. We then propose new ways of optirgithe packet drop
in order to minimize the average estimation error variarfde®Kalman filter. We

consider both adaptive and non-adaptive optimization efgacket drop. Our re-
sults show that considerable performance improvement easchieved by using
the proposed framework.

5.1 Introduction

The unprecedented growth of sensing, communication anghatation, in the past
few years, has created the possibility of exploring and rodlitg the environment
in ways not possible before. A wide range of sensor netwogliegtions have
emerged, from environmental monitoring, emergency resposmart homes and
factories to surveillance, security and military applicas [1, 2]. The vision of a
multi-agent mobile network cooperatively learning anditey in harsh unknown
environments to achieve a common goal is closer than eveudh networks, each
node has limited capabilities and needs to cooperate wligersin order to achieve
the task. Therefore, there can be cases that an agent sepaeseeter of interest
and sends its measurement wirelessly to a remote node, wiiliche in charge
of estimation and possibly producing a control commandeW&ss communication
then plays a key role in the overall performance of such cadpe networks as
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the agents share sensor measurements and receive controboals over wireless
links.

In a realistic communication setting, such as an urban aré@adoor environ-
ment, Line-Of-Sight (LOS) communication may not be possithlie to the exis-
tence of several objects that can attenuate, reflect, diffnablock the transmitted
signal. The received signal power typically experiencessierable variations and
can change drastically in even a small distance. Fig. 5fi.gie solid dark curve
of right), for instance, shows examples of channel measenésrin the Electrical
and Computer Engineering (ECE) building at the Universftiew Mexico. It can
be seen that channel can change drastically with a small merneof an agent. In
general, communication between sensor nodes can be ddghaedo factors such
as fading, shadowing or distance-dependent path loss [8s4] result, the received
Signal to Noise Ratio of some of the receptions can be too éswlting in a packet
drop. Furthermore, poor link quality can result in bit flipgdaherefore the packets
that are kept are not necessarily free of error. As a resifising and control can
not be considered independent of communication issuest&griative approach is
needed, where sensing, communication and control issegeiatly considered in
the design of these systems.

Considering the impact of communication on networked esiion and control
is an emerging research area, which has received conslidettdntion in the past
few years. Among the uncertainties introduced by commuioicaimpact of quan-
tization on networked estimation and control has been stldktensively [5, 6].
Stabilization of linear dynamical systems in the presericantization noise has
been characterized [7—9] and trade-offs between infoonatte and convergence
time is formulated [10]. To address the inadequacy of thesital definition of
capacity for networked control applications, anytime @ityavas introduced and
utilized for stabilization of linear systems [11]. Distauiice rejection and the cor-
responding required extra rate in these systems were @asidn [12]. Nilsson
studied the impact of random delays on stability and opticoaltrol of networked
control systems [13].

In estimation and control over a wireless link, poor link fifies are the main
performance degradation factors. Along this line, Micle¢kl. investigated the im-
pact of packet loss on estimation by considering random Bagpf a dynamical
system [14]. This is followed by the work of Sinopoli et al. isth derived bounds
for the maximum tolerable probability of packet loss to ntaiim stability [15]. Sev-
eral other papers have appeared since then that considenhet of packet loss or
random delays on networked control systems [16-21].

The current framework in the literature, however, does oisaer the impact
of stochastic communication errors on estimation and cbotrer wireless links.
Transmission over a wireless fading channel, as shown inFig can result in a
time-varying packet drop. Furthermore, the packets thekapt are not necessar-
ily free of noise. The variance of this noise is also stodhahte to its dependency
on the Signal to Noise Ratio. Therefore, we need to conslieiripact of both
packet drop and stochastic communication noise on the ipeaioce. Moreover, the
knowledge on the communication reception quality may ndubg available to the
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estimator, resulting in different forms of Kalman filteririg [22,23], we considered
the impact of communication errors on estimation over wssllinks. We showed
that dropping all the erroneous packets may not be the optistuategy for esti-
mation of a rapidly-changing dynamical system over a wgglak. In this chapter,
we extend our previous work and characterize the impact tf packet drop and
communication errors on Kalman filtering over wireless fadthannels. We are in-
terested in characterizing the impact of the knowledgdavia on the link qualities
on Kalman filtering over wireless channels. We considerlegeses of “full knowl-
edge”, “no knowledge” and “partial knowledge”, based onkhewledge available
on the communication quality. We characterize the dynawfitisese scenarios and
establish necessary and sufficient conditions to ensubditaWe then show how
to optimize the packet drop in the physical layer in order toimize the average es-
timation error variance of the Kalman filter. Our approactnigy integrative as the
available knowledge on link qualities is utilized in theiggtor and current quality
of estimation is used in some of our proposed packet drogdssi

We conclude this section with an overview of the chapter. éot®n 5.2, we
formulate the problem and summarize key features of a trensgon over a wireless
fading channel. In Section 5.3, we consider and charaeténize possible Kalman
filtering scenarios, depending on the knowledge availablehe communication
error variance in the estimator. In Section 5.4, we thennoigt the packet drop
mechanism. We show how dropping all the erroneous packetke@ping them
all) may not be the optimum strategy and that packet dropldizridesigned and
adapted based on the knowledge available on the link andatin quality as well
as the dynamics of the system under estimation. We conatu8edtion 5.5.
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Fig. 5.1:Channel measurement (left) in the Cooperative Network lab(dght) along a hallway
in the basement of the ECE building at the University of NewkMe.

5.2 System Model

Consider a mobile sensor observing a system with a lineaardyas as follows:

X[k+1] = AXK] +wlk] and  y[k] = Cxk] + Vv[k], (5.1)
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wherexk] € RN andy[k] € RM represent the state and observation respectively.
wlk] € RN andvk] € RM represent zero-mean Gaussian process and observation
noise vectors with variances @f = 0 andRs - 0 respectively. In this chapter, we
takeM = N andC invertible to focus on the impact of time-varying fading oha
nels and the resulting communication error on Kalman filggrM/e are interested

in estimating unstable dynamical systems. Therefore mAttias one or more of

its eigenvalues outside the unit circle. It should, howgvemnoted that the proposed
optimization framework of this chapter is also applicaloié¢he case of a stabke
Furthermore, we take the pdiA, Q'/?) to be controllable. The sensor then trans-
mits its observation over ime-varying fading channelto a remote node, which

is in charge of estimation. Fig. 5.2 shows the high-leveksadtic of the consid-
ered problem. In this chapter, we consider and optimize puablems, i.e. Kalman
filtering in the presence of packet drop and stochastic conization noise.

sensor . remote node
Dynamical System Observer
xlke+1] = yIkl = s . Tirr;:e_;?rying ylk] Recei Kalman [£[k]
oo tter — .
axikl+wik)|exlkl+ vkl ] e eeetver Filter

Packet Drop

Fig. 5.2:A schematic of estimation over a wireless fading channel.

5.2.1 An Overview of Wireless Communications [3,4, 24]

In this section we briefly describe the key factors neededmieling the impact of
a time-varying fading channel on Kalman filtering.

5.2.1.1 Received Signal To Noise Ratio (SNR)

A fundamental parameter that characterizes the perforenaha communication
channelis the received Signal to Noise Ratio. ReceivedabigriNoise Ratio (SNR)
is defined as the ratio of the received signal power dividethbyreceiver thermal
noise power. SNR is a key factor in determining whether aivedepacket will be
kept and used in the receiving node or not. Furthermoret@rdenes how well the
received bits and, as a result, the received measuremeiiecatrieved. LetTk]

represent the instantaneous received Signal to Noise Ratiek" transmission.

We will haveYTk] = @?ﬁ whereh[k] € C represents the time-varying coefficient
T

of the baseband equivalent channel during the transmissiafk], 02 = E(|s?)

is the transmitted signal power anﬁ = ]E(|ntherma12) is the power of the receiver

thermal noise. As the sensor moves, the remote node willresqe different chan-
nels and therefore different SNRs.



5 Kalman Filtering over Wireless Fading Channels 5

5.2.1.2 Probabilistic Characterization of SNR

In wireless communications, it is common to model the chbfaral as a result the
received SNR) probabilistically, with the goal of captuyyiibs underlying dynam-
ics. The utilized probabilistic models are the results ailgring several empirical
data over the years. In general, a communication channekelettwo nodes can
be modeled as a multi-scale dynamical system with three magjoamics:multi-
path fading shadowingand path loss Fig. 5.1 (right) shows the received signal
power across a route in the basement of ECE building at UNNI [2#e three main
dynamics of the received signal power are marked on the fijMreen a wireless
transmission occurs, replicas of the transmitted signlhlarrive at the receiver due
to phenomena such as reflection and scattering. Differplitas can be added con-
structively or destructively depending on the phase terfrisdividual ones. As a
result, with a small movement of a node, the phase terms camgehdrastically,
resulting in the rapid variations of the channel. Such rajidations are referred
to as multipath fading and can be seen from Fig. 5.1 (righicl stark curve). The
higher the number of reflectors and scatterers in the enviemt, the more severe
small-scale variations could be. By spatially averagirg bceived signal locally
and over distances that channel can still be consideradrsday, a slower dynamic
emerges, which is called shadowing (light gray curve of Bid.right). Shadowing
is the result of the transmitted signal being possibly béatky a number of obsta-
cles before reaching the receiver. Empirical data has shogmormal to be a good
match for the distribution of shadowing. Finally, by aveéragover the variations of
shadowing, a distance-dependent trend is seen, which @8,imn affine function
of the log of the distance between the transmitter and receiv

Since SNR is proportional to the received signal power, $t$imilar dynamics.
Therefore, if the movement of the transmitting node is cadito a small area, then
Y1k] can be considered a stationary stochastic process. Ortiteh@ind, if the node
is moving fast and over larger distances during the estongtrocess, then the non-
stationary nature of the channel should also be considgradking into account
shadowing. Finally, for movements over even larger areas;stationary behavior
of shadowing should also be considered by taking into addterunderlying path
loss trend. In this chapter, we consider the multipath fgdie. we model the SNR
as a stochastic but stationary process. Our results aflg eat@ndable to the cases
of non-stationary channels.

5.2.1.3 Distribution of Fading

In this chapter, we use the term fading to refer to multipaithirfg. Over small
enough distances where channel (or equivalently SNR) canrtedered stationary,
it can be mathematically shown that Rayleigh distributi®igood match for the
distribution of the square root of SNR if there is no Line Ol (LOS) path while
Rician provides a better match if an LOS exists. A more gdrdisdribution is
Nakagami [25], which has the following pdf fofq = VY:
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for m> 0.5, wherem s the fading parameteYae denotes the average of SNR and

I (.) is the Gamma function. ifn = 1, this distribution becomes Rayleigh whereas

2
for m= (g{nﬁ)l , it is reduced to a Rician distribution with parametdr These

distributions also match several empirical data. In thisptar, we do not make any
assumption on the probability distribution & Only when we want to provide
an example, we will tak&” to be exponentially distributed (i.e. the square root is
Rayleigh), which is a common model for outdoor fading chasnéth no Line-of-
Sight path. We also take the SNR to be uncorrelated from @mestnission to the
next.

5.2.1.4 Stochastic Communication Noise Variance

The sensor node of Fig. 5.2 quantizes the observayiih, transforms it into a
packet of bits and transmits it over a fading channel. Theotemode will receive

a noisy version of the transmitted data due to bit flip. Y[k} represent the received
signal, as shown in Fig. 5.8]K is what the second node assumes kffetrans-
mitted observation was. Letk] represent the difference between the transmitted
observation and the received one:

n[k] = Y[k| — y[k]. (5.3)

We refer ton[k] as communication error (or communication noise) througltoei
chapter. This is the error that is caused by poor link quality the resulting flipping
of some of the transmitted bits during tki€ transmissiort. The variance of([k] at
thek™ transmission is given by

Re[k] = E(n[Kn" [K]|YTK]) = o7 (YTK])1, (5.4)

wherel represents the identity matrix throughout this chapter qﬁ(JY[k]) is a
non-increasing function of SNR that depends on the tratsnahd receiver design
principles, such as modulation and coding, as well as timstngssion environment.

It can be seen that the communication noise has a stochastémee as the vari-
ance is a function of SNR. Throughout the chapter, welL(z to denote average
of the variablez. Note that we took the communication error in the transroissi
of different elements of vectorfk] to be uncorrelated due to fast fading. This as-
sumption is mainly utilized in Section 5.4 for the optiminat of packet drop. To
keep our analysis general, in this chapter we do not make sswyngption on the
form of 0Z(Y1k]) as a function o¥[k]. By considering both the communication and

1 Note that for transmissions over a fading channel, the imnplaguantization is typically negligi-
ble as compared to the communication errors. Therefordyisnchapter, we ignore the impact of
guantization as it has also been heavily explored in theexowof networked control systems.
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observation errors, we have,

YIK| = Cxk] + v[K] + n[k], (5.5)

wherer k] represents the overall error that enters the estimatiocegmoat thé"
time step and has the variance of

R = E(r[Kr" [K]|YTK]) = Rs+ Rc[K]. (5.6)

R[K] is therefore stochastic due to its dependency on the SNRe ®ir emphasis is
on the communication noise, throughout the chapter, we tefgk] as the “overall
communication noise variance”.

5.2.1.5 Packet Drop Probability

Let u[K| indicate if the receiver drops thé& packet, i.eu[k] = 1 means that thi"
packet is dropped whilg[k] = O denotes otherwisgu[k] can also be represented
as a function ofyTk]: u[k] = G(YTk]). It should be noted that the receiver may
not decide on dropping packets directly based on the iret@ous received Signal
to Noise Ratio. However, since any other utilized measusefisction ofYTk], we

find it useful to expresg as a function of this fundamental parameter. Experimental
results have show@ to be well approximated as follows [26]:

uk={7 5" (5.7)

This means that the receiver keeps those packets with tleéveglcinstantaneous
Signal to Noise Ratio above a designated threshpldh this chapter, we show how
the threshold4 can be optimized in order to control the amount of informatass
and communication error that enters the estimation process

5.2.2 Estimation using a Kalman Filter

The remote node estimates the state based on the received/atins using a
Kalman filter [27]. Letx[k] = X[k|k — 1] represent the estimate k] using all the
received observations up to and including tikne 1. ThenP[Kk] represents the cor-
responding estimation error variance giv@|, - - - , YTk — 1]

P[k]:P[k|k—1]:]E{(x[k]—>“<[k]) (x[k]—f([k])T ‘ Y0, Yk—1|. (5.8)

As can be seen, Eq. 5.8 is different from the traditional farfrKalman Filter
sinceP[K] is a stochastic function due to its dependency@dj, Y{1],-- -, Y[k— 1].
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Therefore, to obtaitt (P[k]), P[k] should be averaged over the joint distribution of

Y[O],Y[l], vY[k_l]

5.2.3 Impact of Packet Drop and Stochastic Communication Error
on Kalman Filtering

A transmission over a fading channel can result in the drappf some of the pack-
ets. Furthermore, the packets that are kept may not be freeieé, depending on
the packet drop threshold. It is possible to increase the threshold such that the
packets that are kept are free of error. However, this isa®packet drop probabil-
ity and can result in instability or poor performance. Ttiere, we need to consider
the impact of both packet drop and communication noise opénrmance. The
communication noise variance is also stochastic due tejpeddency on SNR. As
a result, Kalman filtering over a fading channel will not héedraditional form.

Furthermore, Kalman filtering is done in the applicatiorelaywhereas the phys-
ical layer is in charge of wireless communication. An estenaf SNR is typically
available in the physical layer. Such an estimate can bslated to an assessment
of the communication noise variance if a mathematical attarization fora? ex-
ists. However, this knowledge may or may not be availabl@éénapplication layer,
depending on the system design. There can also be cases avheract assess-
ment of the communication noise variance and the resuliéegption quality is
only partially available in the physical layer. As a resfut| knowledge of the com-
munication noise variance may not be available at the essim2epending on the
available knowledge on the communication noise variarte Kalman filter will
have different forms. In this chapter, we are interestedhideustanding the impact
of the knowledge available on the link qualities on Kalmatefihg over wireless
channels. We consider three cases of “full knowledge”, “nowdedge” and “par-
tial knowledge”, based on the knowledge available on themanication quality in
the estimator. In the next section, we characterize thermicgof these scenarios
and establish necessary and sufficient conditions to estalvdity. Then, in Section
5.4, we show how to optimize packet drop threshold in the jglay$ayer in order
to minimize the average estimation error variance of therial filter.

5.3 Stability Analysis

Consider the traditional form of Kalman filtering with no k&t drop and full
knowledge on the reception quality. We haxié+ 1] = AX(K] + K [K] (§[k] — CX[K])
andP[k+1] = Q+ (A— K¢ [K|C) Pk (A—Kj [k]C)T + K¢ [KRKIK{ [K], whereK ¢ [K] =
APIKICT (CPKICT + R[k])71 is the optimal gain [27]. However, as discussed in the
previous section, the received packet is droppedif < Y5 [k]. Furthermore, full
knowledge on the variance of the stochastic communicatmsenmight not be
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available. Then, the traditional form of Kalman filter neédge modified to re-
flect packet drop and the available information at the estimaet 0< R[k] < R[K]
denote the part dR[K] that is known to the estimatdR[k] can be considered what
the estimator perceiveé®lk] to be. ThenR[K] is used to calculate the filtering gain
which, when considered jointly with the packet drop, resirtthe following recur-
sion forP[K]:

Plk+ 1] = pIKAPKIAT + Q-+ (1 - ulK) [ (A= R KC) P (A— Ry KIC) " (5.9)

+ R KRKRTK],

whereK [k = APKICT (CPKICT + R[K]) " and u[K| is defined in Eq. 5.7. We as-
sume that the initial error variancB|0], is positive definite. Then, using the fact
that(A, QY/2) is controllable, one can easily verify thajk] > 0 fork > 0, which we
utilize later in our derivations. By insertir; in Eq. 5.9, we obtain

1

Plk+1] =APKA" +Q— (1— u[k)APKICT (CPKICT + RIK]) (5.10)

x (CPKICT + 2RIk — RIK]) (CPKICT + RK]) ‘CP[KIAT.

In this part, we consider three different cases, based okrtbeledge available on
the link quality at the estimator:

1. Estimator has no knowledge on the reception quaﬁpﬂ: =0,
2. Estimator has full knowledge on the reception quaiik] = R[k],
3. Estimator has partial knowledge on the reception qudlity Rk < R[K].

In the following, we derive the necessary and sufficient éiomfor ensuring the
stability of these cases and show them to have the sameitstaioihdition. Be-
fore doing so, we introduce a few basic definitions and lemthaswill be used
throughout the chapter. Note that all the variables usekigchapter are real.

Definition 5.1. We consider the estimation process stable as long as thagaver
estimation error variancé&,(P[K]), stays bounded.

Definition 5.2. Let f : RN*N — RN'*N' represent a symmetric matrix-valued func-
tion. Thenf is non-decreasing with respect to its symmetric input matariable if
My =My = f(My) = f(My), for any symmetrid1; andrl, € RN*N. Similarly, f

is increasing iffly - M, = (M) = f(I72).

Definition 5.3. Let f represent a symmetric matrix-valued functidn, RN*N —
RN >N Function f is convex with respect to matrix inequality ff{67; + (1 —
0)My) < 8f (M) + (1 — 8)f(Iy), for arbitrary/; andM, € RN*N and@ < [0,1].
Similarly, f is concave if—f is convex. See [28] for more details.

Lemma 5.1.We have the following:

1. Letr; € RN*N and 1, € RN*N represent two symmetric positive definite matri-
ces. TherTy < M, if and only if 1,1 = 1, L.
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2. If My < [, for symmetridT; and My, thenW M WT < WriL,WT for an arbitrary
W e RN >N,

3. Let f: RN*N — RN >N represent a symmetric function. Ligg € RN*N be sym-
metric. If f is an increasing (non-decreasing) function@f, then f(l71+ I72)
is also increasing (non-decreasing) with respeckiofor a constantTs.

4.1 f: RNN  RN'*N' jg symmetric and a non-decreasing function of symmet-
ric My, thenWf (I‘Il)L,UT is also non-decreasing as a functionfdf and for an
arbitrary ¢ € RN >N,

5. Let f: RN*N — RNxN represent matrix inverse function:(fi;) = 1, * for a
symmetric positive definitd;. Then f is a convex function 6f;.

6. If f: RN*N — RN >N’ js symmetric and a convex function®f, then f(M1+172)
is also convex with respect 1@, and for a constanfl,.

7.1f £ :RN*N — RN'*N'js symmetric and a convex function@f, thenw f (I1;) ¥
is also convex for an arbitrary matriw’ € RN <N,

8. Let (M) = l'Il(l'l2+ l'll)fll‘ll, wherell; and 1, are symmetric positive defi-
nite matrices. f is a convex function @f.

Proof. see [29, 30]. a

Lemma 5.2.Consider the following Lyapunov equation with Hermitian: > =
MM +A. Then the following holds:

1. If T is a stable matrix (spectral radius less than onE)will be unique and
Hermitian and can be expressed as follows:

=y nanm. (5.11)
2,
2.1 (1,AY2) is controllable andA = 0, then > will be Hermitian, unique and

positive definite iff7 is stable.

Proof. see [27]. a

5.3.1 Noise-free Case

Consider the case whelRék] = R[k] = 0 if a packet is kept. We refer to this scenario
as the noise-free case. Comparison with the dynamics ofsis will help us char-
acterize the dynamics of the three aforementioned scemdni¢his case, Eq. 5.10
is simplified toP[k+ 1] = u[KJAPKIAT 4+ Q £ ®per(P[K], u[K]), with the following
average dynamics:

E(P[k+1]) = tave( Y5 ) AE (P[K))AT +Q, (5.12)

whereuave(YT) is the average probability of packet drop:



5 Kalman Filtering over Wireless Fading Channels 11

.
e ) = E(ulK) = [ x(v)a (5.13)

with x representing the probability density functionYofLet pmax(A) represent the
spectral radius of matriA. The average dynamical system of Eq. 5.12 is stable iff

Have( Y7 ) < Prmax(A)- (5.14)

5.3.2 Estimator has no knowledge on the reception quality

From Eq. 5.10, we have the following for the case where norin&édion on the
reception quality is available at the estimator:

P[k+1] =APKIAT +Q— (1— u[K])APKICT (CPCT) ~* (5.15)
x (CPKICT —R[K) (CPKICT) *CPK AT
—u[KAPKAT + Q-+ (1— u[k)AC R (CT) AT
2 o (PIK], u[K], RIK]).
The average dP[K] is then given by
E(P[k+1]) = Have(¥7 ) AE(P[K)AT + Q + AC 'Rave(¥) (CT) ‘AT,  (5.16)

Where;.la\,e(YT) is defined in Eq. 5.13 anﬂa\,e(YT) is the average noise variance
that enters the estimation process:

Rave(Y7) = E(RK]) = (1 — uave(YT)) Rs+ [ /YT aE(Y)x(Y)dY] | (5.17)
with | denoting the identity matrix of the appropriate size.

Lemma 5.3.Let pmax(A) represent the spectral radius of matrix A. The average
dynamical system of Eq. 5.16 is stable if and onjy,ifs( Y7 ) < pmax(A) or equiva-
lently ¥r < Y7, whereYs ¢ is the unique solution of the following equation:

'W’,c _2
/0 X(NAY = pray(A). (5.18)
Proof. See [27]. a

Note thatYs ¢ is often referred to as theritical threshold In the next sections, we
use the dynamics of the “noise-free” and “no knowledge” saseorder to under-
stand the dynamics of the “full” and “partial” knowledge segios.
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5.3.3 Estimator has full knowledge on the reception quality

Consider Eq. 5.10 witiR[k] = R[k]. We have

P[k+1] =APKIAT +Q— (1— u[K)APKICT (CPCT +R[k]) 'CPKAT (5.19)
=Q-+ APKAT — AP[K| (P[k] + MT,[K]) " P[K]AT
—Q+ AT [KAT — AT,k (PK] + MT[K]) T, [KIAT
£ @y (P[], (K], RTK]),

whereZ, K] = { RK HIK=0 1k =c15,K(CT) *and the third line is writ

ten using matrix inversion lemma [29]. The following set efrimas relate the dy-
namics of this case to those of the “no knowledge” and “naise’fcases.

Lemma 5.4.Consider any symmetrig PP and B such that P> P, = P; - 0. For
any0 < u <landR> 0O, we have
®HO(P17“7R) = Gy (P27“7R) = d’perf(P&U)- (5.20)

1

Proof. ForanyP - 0, we havelCPCT +R) * = (CPCT) "~ (CPCT) *[ (CPCT) *+

-1
R*l} (CPCT)*l. Therefore using Lemma 5.1,

R [(cPe) teR Y T
(cPCT) "R(CPCT) ' (CPCT) *[(CPCT) T4 RY Tere) s (s.21)
(CPCT) (cPCT - R) SCPCU% (CPCT+R) * =
(Dno(P,l-l,R i (DfU” (Pvl‘l?R)

Furthermore, for anKy, (A—K;C)P(A— KfC)T = 0 andKRK{ > 0. Then from
Eq. 5.9,

®run (P, H,R) = HAPA" + Q = ®per(P, ). (5.22)

From the third line of Eq. 5.19, it can be seen thaf, (P, U, R) is a hon-decreasing
functions ofP >~ 0. Moreover,cbperf(P, K1) is a non-decreasing function & - 0.
Then forP, = P, = P; = 0, we obtain

(DHO(PlauvR) = By (Plvl'laR) = By (P27“7R) = (Dperf(PZaU) = (Dperf(P&“)-
(5.23)

O

Lemma 5.5.Let R [k+1] = ®no(Pu[k], (K], RIK]), Po[k+1] = @ (P2[K], (K], RIK])
and R[k-+ 1] = ®perr(P3[K], u[K]). Then starting from the same initial error covari-
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ance B, we have
E(Pl[k]) EE(Pz[k]) t]E(Pg,[k]), fork > 0. (5.24)

Proof. At k=0, P,[0] = P,[0] = P;[0] = Py. Assume that at timk, P, [k] = P;[K] >
Ps[k]. Then, from Lemma 5.4 we have,

(DnO(Pl[k]vl'l[k]v [ ]) = By (PZ[ ]7 [ ]vR[k]) = ‘Dperf(Ps[k]vl-‘[k]) = (5 25)
Pik+1] = P[k+1] = Ps[k+1]. ‘

This proves that starting from the saffg Py [k] = P»[k] = Ps[K] for k> 0 (by using
mathematical induction). Furthermore, at any tim@l[k] P,[k] andPs]k] can be
expressed as functions Bf and the sequenc€¢[0], - - Y[k 1]:

PK| = Ano(Po, Y10], -, YTk—1]), Po[K] = Apun (P, Y[O] ,YTk—1]) andPs[K] =
Npert(Po, Y10], -, Y[k— 1]). Therefore

/ //\no Po, Y10], -+, Yk —1]) “‘LX )] dvi0]- - dvik- 1)

(5.26)
Similar expressions can be written fB{P,[k]) andE(Ps[k]). Sincex(Y;) is non-
negative forj = - k—=TandAno(Po, Y10],- -, YTk—1]) = Agu (PO,Y[O] ,YTk—
1) = Ao Y10, V1) have (PLK) = E(R) = E(RIK). O

The next theorem shows that the stability region of the fathkledge and no knowl-
edge cases are the same.

Theorem 5.1.The dynamical system of Eq. 5.19 is stable if and orm\jg(YT) <

Prma(A) or equivalentlyys < Yr ¢, wherepmax(A) and Yz ¢ are as defined in Lemma
5.3.

Proof. From Lemma 5.5, we know that the average estimation erraavee of
the full-knowledge case is upper bounded by that of the nrosk@dge case and
lower bounded by that of the noise-free case. Therefore) fremma 5.3 and Eq.
5.14 for the stability of the noise-free case, we can seepthafYr) < pmax(A) is
the necessary and sufficient condition for ensuring theilgiabf the case of full
knowledge. a

It is also possible to deduce the same final result by direetting the average of
the dynamics of the full-knowledge case to those of noise-ind no-knowledge
cases. We show this alternative approach in the appendix.

5.3.4 Estimator has partial knowledge on the reception quality

Consider Eq. 5.10 with & R[k] < R[K]:
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P[k+1] =APKIAT +Q— (1— u[k])APKICT (CPKICT +RK)) *

x (CP[KICT + 2R(K| — RIK)) (CPICT + RK]) ~‘CPKAT
= ®par(P[K], u[K, RIKJ, RIK]).

(5.27)

To facilitate mathematical derivations of the partial-ledge case, we assume
diagonaR andRin this part:R[k] = 62 (YTk])1 andR[k] = g3 (YTK])!.

Lemma 5.6.Assumé] - 0and0 < &, < &1 < &max. Then(1 +Ell)71(l'l +2&1 —

Emax ) (MT+ &) = (M+&1) (M 428 — Emad ) (M+ &) .

Proof. Define&gir 2 & — & > 0 andf1 £ 1+ &l. Since&, — &max < 0 andé; +
52 - ngax <0, we have

. ﬁ~3+(52—fmax+ 284t ) 1% = .
I3+ (& — Emax+ 2&4it ) [12 + &3 (&2 — Eman) | + &aift (282 — 2Emax+ &airr) [1 =

- - . . _ €1t+&2—28max
(F12 + &gt 1) (M2 + (& — Emax)[172) (M2 + Eise 1)

(5.28)

or equivalently/1 (11 + (& + 2&qitt — Emax)! )1 = 1 (17 + &g ) 172 (11 + (& —
Emax)) 171 (11 + &qirr) ) 1. LetW = (T + Ell)*l(l'l +52I)*1. Then, using Lemma
5.1, we have,

o wr (ﬁ + (§2+ 2&gitr — Emax)l) ﬁq{r = . (5.29)
WIT (1T + &g ) 117211 + (&2 — Emax))) 1T + Eqirt 1) (T, '
which can be easily verified to be the same as the desiredatigqu a

Lemma 5.7.Considei0 < p < 1,R= §2I, R= 0?2l and P 0. Then,®@par (P, 4,R,R)
is a non-increasing function @? < [0, g?].

Proof. ForR= g2l andR= o7l ®par(P, i, R R) can be written as

Bpar(P, 1, R, R) =APAT + Q— (1— p)APCT (CPCT +21) *

x (CPCT + 2521 — 0?1) (CPCT + &21) 'CPAT.

(5.30)

Then Lemma 5.6 implies thalCPC" + &7 )71(CPCT + 2631 — o41) (CPCT +
5§|)71 is a non-decreasing function 6¢ and as a resuwpar(P, U,R F~%) is a non-
increasing function o62. O

Lemma 5.7 indicates that as the partial knowledge incre(age‘;es» 1), the error
n

covarianceP[k + 1] decreases, given the sargk]. Also one can easily confirm,
using Lemma 5.7, that for diagondlandR:
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(D,-,O(P, “7R) = q’par(P,l-‘aRv ﬁ) = @ry (Pvl'laR) = (Dperf(R l-‘)- (5.31)

Since characterizing the necessary and sufficient stabditdition for the partial
case is considerably challenging, we next make an appraiximy assuming that
R is small. This approximation will then help us establishttti@ar(R u,R Ii) is
non-decreasing as a function Bf- 0, which will then help us characterize the
stability region.

Lemma 5.8.Let pmin(/7) represent the minimum eigenvalue of symméirie O. If
M=0,& >0and0 < & < pmin(M7), then we have the following approximation

by only keeping the first-order term§f7 + Ell)*l(l'l +281 = &) (M + Ell)*l ~
n(n-&l+2650 1)L
Proof. We have(T + &) (M1 —&M-2) =1— &2 2. Therefore, for 0< & <

pmin(I1), we have|E2MM~2|| < 1, which results in the following approximations by
only keeping the first-order terms as a functior€ gf

(M+&) 'ant—gn2and(M+&1) *~n2-2507° (532

Then, we have T + &) (M +2&1 — &) (M+&1) F = (M+&1) = (& -
&)(M+&l) % But

(M+&N) = (=& (M+&1) Pa N &N 2= (&—&) (N 2=2&179)
=11 2880 2 &n 2660 2)
————

~ Y= &M 24 28&M3

- n*l(n — &l 25152/7*1) nt.
(5.33)

O

Lemma 5.9.LetR= 2I, R= 02l and assume thafiZ < pmin(CPC'). Then, the
first-order approximation ofbpar(P, u,R R) is a non-decreasing function of:P 0.

Proof. By using Lemma 5.8, we can approximag.(P, 4, R, R) as follows
Bpar(P, 1, R R) ~ UAPAT +Q+ (1— p)a?A(CTC) AT (5.34)
—2(1— p)32aZA(CTC) TP (CTC) AT,
which is a non-decreasing function Bf

O
Lemma 5.10.LetR[k] = an(Y[k)I Rk o2 (YK and 52 ( [])<<pm.n( PKICT)
forallk. Let R [k+1] = ®no(Py[K], RIK]), Palk+1] = ®par(Po[K], 4 K|, RIK]),
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Pk + 1] = & (Ps[K], u[k],RK]) and R[k+ 1] = ®perf(Pa[k], u[K]). Then starting
from the same initial § we have

E(PK]) = E(P.[K]) = E(P3[K) = E(Ps[K]), k>0. (5.35)

Proof. From Eq. 5.31, we have the following for diagorRik] andRk] and any
Plk] > 0:

Pno(P[K], 1[K], RIK]) = Ppar(P[K], (K|, RK], RK]) =
Prun (PIK], (K|, RIK]) = Ppers(PIK], u[K]).

For G (YTK)) < pmin(CP[KICT), ®@paris a non-decreasing function Bfaccording to
Lemma 5.9. Therefore, we have the following Rafk] = Ps[k] = Ps[K] = P4[K] >~ O,

(5.36)

®no(PulK], (K], RIK]) > @par(Pi[K], (K RIK]) =
Bpar(P2[K], 1K, RIK], RIK]) = ®run (P ] [ ] Rlk]) = (5.37)
Prun (Ps[K], (K], RK]) = Ppert(Ps[K], u[K]) = (Dperf(P4[k]alJ[ K]).-
Then, Eq. 5.35 can be easily proved similar to Lemma 5.5. a

The next theorem shows that, under the assumptions we niedstability region
of the partial-knowledge case is the same as the full knaydethd no knowledge
cases.

Theorem 5.2.AssumeR(K| = 62(Y1K])I, RK = 02(Y]k])! and for all k we have
G2(YK) < pm.n(CP[k]CT). Then the dynamical system of Eq. 5.27 is stable if and
only if Ua\,e(YT) < Pz (A) or equivalentlyys < Yr ¢, wherepmax(A) and Yr ¢ are as
defined in Lemma 5.3.

Proof. By utilizing Lemma 5.10, this can be proved similar to Theore 1. a

Fig. 5.3 shows the norm of the asymptotic average estimatimr variance for
the three cases of full knowledge, partial knowledge and mawkedge, and as a
function of ¥7. For this case, SNR is exponentially distributed with therage

of 30dB, 02(Y) = 0.50+ 5333 x Q(VY), whereQ(d) = r I e t/2dt for an

arbitraryd andg2(Y) = 0.5. This is the variance of the communication noise for a
binary modulation system that utilizes gray coding [31]eTallowing parameters
2 03045
are chosen for this exampla:= | 0.4 0.2 05 |, Q=0.001 andC = 2I, which
1506034
results in¥y c = 2253 dB. As can be seen, all the three curves have the samalkritic
stability point, indicated byt . As expected, the more is known about the link
qualities, the better the performance is. The figure alsavshtbat not allyy <
Yrc result in the same performance and that there is an optimuestibld that
minimizes the average estimation error variangeimpacts both packet drop and
the amount of communication noise that enters the estimgtiocess. Therefore,
optimizing it can properly control the overall performanas we shall show in the
next section.
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-+ Case of no knowledge on reception quality
| |4Case of partial knowledge on reception quality
©Case of full knowledge on reception quality

|z

-20 -10 0 10 20
Tr (dB)

Fig. 5.3:Impact of the knowledge available on the link qualities omperformance and stability
of Kalman filtering over fading channels.

5.4 Optimization of Packet Drop in the physical layer

In this part, we consider the optimization of packet droghia physical layer. In Eq.
5.10, the thresholdt impacts both the amount of information logs[K]) and the
quality of those packets that are kepK)). If this threshold is chosen very high,
the information loss rate could become considerably higpedding on the qual-
ity of the link. However, once a packet is kept, the commutioceerror that enters
the estimation process will be small. On the other hand,darthresholds, infor-
mation loss rate will be lower at the cost of more noisy reicgst In this section,
we are interested in characterizing the optimum threshmithie two cases that the
estimator has “full knowledge” and “no knowledge” on the coumication quality.
Since the optimization of the threshold occurs in the phajdayer, in this section
we assume that the physical layer has full knowledge of SNRfaacorresponding
communication error variance function. For instance, lier¢ase where the estima-
tor has no knowledge on the reception quality, the physaad would still have
link quality information, based on which it will optimize ¢hthreshold. However,
the information on the link quality is not transferred to typlication layer, which
is in charge of estimation. In other words, the physical taygtrols the impact of
the communication links on the estimation process. For #se evhere the estima-
tor has full knowledge on the reception quality, on the otteerd, the physical layer
constantly passes on the information on the link qualibebé estimator. Therefore,
both the physical and application layers utilize this krentge. The framework of
this section can then be extended to other scenarios, fianios to the case where
the physical layer only has partial knowledge on the linklijea (such as an upper
bound). While in the previous section, we took the threshioltde constant dur-



18 Yasamin Mostofi and Alireza Ghaffarkhah

ing the estimation process, in this section we consider adéptive (time-varying)
and non-adaptive thresholding. In the adaptive case, we Bbw the threshold can
be optimized at every time step in order to minimize the ayerastimation error
variance of the next time. For the non-adaptive threshgldive find the optimum
threshold that minimizes the asymptotic average estimatioor variance. There
are interesting tradeoffs between the two approachessasstied in this section.

5.4.1 Estimator has no knowledge on the reception quality

In this part we consider the case where the estimator hasfooriation on the
reception quality. We consider both scenarios with fixed ashaptive thresholding.
From Eq. 5.15, we hav@lk+ 1] = K AP AT +Q-+ (1— [k )AC R[K] (CT) AT,
Both u[k] andR[K] are functions of4 [k], which is taken to be time-varying to allow
for adaptive thresholding. Since the stability analysishaf previous section was
carried out assuming thag is time-invariant, we need to first establish the stabil-
ity of the time-varying case. For the derivations of thistiet we takeR[k] to be
diagonalR[K] = o2(YTK])I. We have,

1

Plk+1] = p[KIAPKAT +Q+ (1— u[k) oz (YK ) A(CTC) AT, (5.38)

Bl

with the following solution as a function of the initial varicePy:

PG = (i ul] ) AR (A7) +

i . (5.39)
Z:(;ol (rlij(ilJrl[J[j])Akll(Q_'_ B[i]A(CTC)*lAT) (AT)kflfl'

At the K" time stepu[k] andB[k] are functions of the instantaneous received SNR,
Y1K]. SinceYTk;] andYTky], for k; # kp, are independenti[k;] andu[ky] as well as
ulki] andBlky] are also independent f&g # ky. Therefore,

B (P) = (P el 51) ) AR (AT) 4

zlk;& (HT—i1+1 Uave(ﬁ' [j]))Akil(Q-l- Ur%,ave(ﬁ' [i])A(CTC)’lAT) (AT)kfifl’

(5.40)
where Lave( Y7 [K]) and o2 ,,(Y7[K]) represent time-varying average probability of

packet loss (spatial averaging over fading) and averageen@iriance that entered
the estimation process respectively:

IJave(Yl'[k]) = E(I-l[k]) = '/(;W[k]X(Y)dY (5.41)
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and -
ORael 7 IK) =E(B) = [ ROX(0Y, (542)

wherey represents the probability density function¥afThen Eq. 5.40 is the solu-
tion to the following average dynamical system:

E(P[k+1]) = tave( Y7 [K]) AE (P[K]) AT + Q+ 02 e Y [K)A(CTC) AT, (5.43)
It can be seen that for a time-varyiifgk], we have a time-varying average dynam-

ical system, for which we have to ensure stability.

Lemma 5.11.Letpmax(A) denote the spectral radius of matrix A. If for an arbitrary
smalle > 0, pave(¥r [K]) < (1— £)pma(A), then the average dynamical system of
—_————

Have,max

Eq. 5.43 will be stable.
Proof. Let 07 aye max= Ma%s iy Trave( Y7 [K) = Jo" 07 (Y) X (Y)dY. Then,

E(Pk+1]) < HmaxavlE(P[K)AT +Q+ 020e maA(CTC) AT, (5.44)

Starting from the same initial conditioE,(P[k]) is upper-bounded by the solution of

E(Pm[k+ 1)) = Have maAE (PnK)) AT + Q+ 026 maA(CTC) AT, which is stable
[27]. This shows thapave(YT [k]) < Have maxiS @ sufficient condition for ensuring the
stability of Eq. 5.43. a

Note thatiave( Y7 [K]) < HavemaxiS €quivalent tovy [k] < YT‘EC WhereY{C is such that

fOYﬁCx(Y)dY: (1— €)pm2(A) for an unstabled. Next, we develop a foundation
for the optimization of the threshold. Fig. 5.4 shows exa&epifuaveandor%aveas a
function of the threshold. It can be seen that the optimuestiold should properly
control and balance the amount of information loss and comication error that
enters the estimation process, as we shall characteribesigéction.

5.4.1.1 Adaptive Thresholding

In this part, we consider the case whéfgk] is time varying and is optimized at
every time step based on the current estimation error vegiaDonsider Eq. 5.38.
We have the following conditional average for the estinraBoror variance at time
k+1:

_ T (42 Tey AT T
E(Plk+1] | PIK ) =APKA +Q+'/YT[k] [03(V)A(CTC) AT — APIKAT| x(V)dY.
(5.45)
Then at thek" time step, our goal is to find [K] such thaﬂE(P[k+ 1] ‘ P[k]) is

minimized.
Minimization of Trace:
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Fig. 5.4:Examples of the average probability of packet drop and aecozerall communication
noise variance as a function &f. As the threshold increasgs,ye increases while communication
noise variancer,%a\,edecreases.

Consider minimizing t<E(P[k+ 1] ‘ P[k])), where tr(.) denotes the trace of the
argument. We have

tr (]E(P[k+ 1] ‘ P[k])> —tr (AP[k]AT + Q) (5.46)
+ /:[k] |2 (V)tr(ACTC) AT ) —tr(APKIAT ) | x(V)aY,
and the following optimization problem:

¥ wace,aafkl = argming g7 [02(¥)tr(A(CTC) *AT) —tr(APIKIAT) | x(N)dY

o(Y.PK)
subjectto  0< Yr[K] < Y&,
' (5.47)

With Yf' race aqpkl denoting the optimum threshold at time stepvhen minimizing
the trace in the adaptive case.

Note thata,?(Y) and, as a resutd(Y,P[k]), is a non-increasing function of.
Furthermorex (Y) is always non-negative, which resultsf@[k] O(Y,PK)x(V)dY
minimized wher@(Y, P[k]) changes sign. Thus, three different cases can happen:
1. limy_o©(Y,P[k]) > 0 and lim/_., ©(Y,P[k]) > 0: In this case@ (Y,P[K]) is

non-negative as a function of. Therefore, Y7’ ,ce aqfkl = Yf . One possible

scenario that results in non-negat®¢Y’, P[k]) is when tr(AP[k]AT) is consid-
erably low.
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2. limy_o@(Y,PK) <0 and lim/_,O(Y,Pk]) < 0: In this cased(Y,P[K]) is
negative as a function of. Therefore Y ,ce aqfkl = 0, i.e. the next packet is

kept independent of its quality. For instance, (fArP[k]AT) is considerably high,

it can result in a negativ® (Y, P[k]).

3. limy_o®(Y,P[K) > 0 and lim/_..,©(Y,P[k]) < 0: In this case the optimum
threshold iSYF ace aahKl = MIN{YF ¢, ¥ trace,adg WHETE VA trace.adpiS the unique
solution to the following equation:

@(W’,trace,adpp[k]) =0 = Ur%(ﬁ',trace,ad;) tr(A(CTC)ilAT) = tr(AP[k]AT)~
(5.48)

Minimization of Determinant:
Consider Eg. 5.45, which can be written as:

E(Plk-+1] | PIK) =Haue( Y5 [K)APIKAT + 025, [K)A(CTC) AT +Q,
(5.49)

Lemma 5.12.Consider the case where Q is negligible in Eq. 5.49. The aptim
adaptive thresholdyy ¢, ,qJK], that minimizes the determinanﬂD(P[k+ 1] ‘ P[k])
is then the solution to the following optimization problem:

Y'I:k,det,adr{k] = argmin,ﬂk} i (I-lave(y:r[k]) +4i O-r%ave(yl:[k])) (5_50)
subjectto 0 < Y7k < ¥£,

whereZ[k] = P~Y/2[K|(CTC)~1P~Y/2[k and {is for 1 < i < N are the eigenvalues
of Z[K].

Proof. SinceP[K is positive definite, there exists a unique positive defiRite k]
such thaP[k] = PY2[k]PY/2[k]. We then have the following for negligib@:

E(Plk-+1] | PI) = APY2K <uave(YT[k1>l +or%,avem[k])s[k])Pl/ZMAT,
(5.51)

where Z[K] is as denoted earlier in the lemma with the following diadi@asion
Z[K = FlgiagF ', with FFT = | and{giag= diag{{1, 2, ..., {n}. Then,

det(IE (P[k+ 1] ‘ P[k])) - det(AP[k]AT)det<uave(YT )1 + 02 ave( Y5 [K) zdiag)

— det(APKAT) [ (uave(YT K) + G103 ave( Y [k])) :
| (5.52)

Therefore Y7’ ot 2gdKl is the solution to the optimization problem of Eq. 5.50.0
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We know that the optimum threshold is either at the boundarfi¢he feasible set

(Yr[k] =0 andyr [K] = ¥f,) oris where the derivative is zerg(:jet(E(z[;ﬁ;] |P)) =

_ 7.2

0=75; X(mkb(l Z'o"(mk})) = 0. Among these points, the one that minimizes Eq.
Have( 5 [K]) +€i 0B ave (5 K)

5.52 is the optimum threshold. Therefore in practice, basetthe given parameters

such as the shape of the overall communication noise varigeg) and the pdf

of SNR, the optimum threshold can be identified for this cadsig. 5.5 shows the

10
: ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
=
A 107 Eaics
—
+ [T
oS A S S SR D . . " - a Sy~ <
A, i i i i ; |
— O P[k] = I, Opt. thresh = 7.72 dB (Theory) D R " - SRR
ap _||@ P[k] = 0.501, Opt. thresh = 8.54 dB (Theory) |
£ 10 "H A Pk] = 0.101, Opt. thresh = 10.03 dB (Theory)|:
x P[k] = I (Simulation)
* P[k] = 0.50] (Simulation) -- ]
— P[k] = 0.101 (Simulation) o : T
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Fig. 5.5:Optimization of packet drop through one-step adaptivestiwigling for three different
P[k|s and average SNR of 20dB. This is for the case where knowlefdgeeption quality is not
available at the estimator.

performance of adaptive thresholding at tikne 1 given three differenP[k]s. For
this example Y is taken to have an exponential distribution with the averag
20dB and the overall communication noise variance is takefolows: g2 (Y) =
1.27x 104 +5333 x Q(V/Y), whereQ(d) = \/%Tjé” e */2dt for an arbitraryd.
This is the variance of the communication noise for a binaoglatation system that
utilizes gray coding [31] and corresponds to 10 bits per darapd quantization
step size of 0.0391. The rest of the parameters are the safoe Rig. 5.3. The
optimum thresholds can be seen from the figure. Furtherrtt@¢heoretical curves
are confirmed with simulation results. As can be seen, theenig(APK]AT) is
(which corresponds to a highBfk] for this example), the lower the threshold will
be. This can also be seen from the solution of the optimingpimblem of Eq.
5.47. For instance, in Eq. 5.48, the highdAR[k|AT) is, the lower the optimum
threshold will be. This also makes intuitive sense as fohéid[k|s, the overall
noise variance is more tolerable and the threshold shouloMzred to avoid more
information loss.



5 Kalman Filtering over Wireless Fading Channels 23

5.4.1.2 Non-Adaptive Thresholding through Minimization o E (P[c])

In this part, we consider the case where a non-adaptiveibiets used throughout
the estimation process. We show how to optimize this thieskuch thaff (P[eo] )

is minimized [22]. We consider minimization of both norm addterminant of

E(P[e]). The derivations can be similarly carried out to minimize thace of

EéP[oo]g. Consider Eqg. 5.43. In this cas¥ will be time invariant. Then, using
Lemma 5.2, we will have the following expression f(P[«]):

B(PIe) = 3 el 5JAQUAT) + GFalF) 3 el )T HAT)
(5.53)

Let Y7 o fixed FEPrEsent the optimum way of dropping packets which will imin
mize the spectral norm of the asymptotic average estimatioor variance for a
non-adaptive thresholdf . sixea= argmin||E(P[w])||, for ¥ < ¥f¢. Also, let
YT det fixed TEPTESENt the optimum way of dropping packets which will imiae

the determinant of the asymptotic average estimation eanance:Yy yo fixed =
argmin de(E(P[oo])), for ¥r < ¥g¢. Since we need to find an exact expression

for the norm and determinant M(P[oo]), we need to make a few simplifying as-
sumptions in this part. More specifically, we assume @at ¢l andQ = ql. We
furthermore také\ = As, whereAg is a symmetric matrix, i.eAs = Ag Under these
assumptions, Eq. 5.53 can be rewritten as

IMPMD:w:%ﬁwaw)igaaw)ma”2+q§g&4w)mg4 (5.54)

Theorem 5.3.(Balance of Information Loss & Communication Noise) Coesttie
average system dynamics of Eq. 5.54 with an unstablélenYy . s.qWill be
as follows:

¥enomines Venarmes 0
Hromines= { Tromied oambes (5.55)

whereyr om fixedlS the unique solution to the following equation:

2
2 ¢ q )
uave(ﬁ,norm,fixec)+Un,norm()"F,norm,fixed)+ 2 O.Z(Yi = Pmaxs
PiaxOn - Vlk',norm,fixe()
information loss overall comm. noise
(5.56)

with 0 ,orm denoting the normalized average overall communicatiorseeiari-

2
. 2 _ Gn,ave(ﬁ',norm,fixed H H
ance: oy norm( ¥ normfixed = Farr——_ Furthermore,Yf ;e fixeqiS determined

as follows:

Y7 det fixed™ { W’deé’f'xed V:r)’?ﬁtéﬁrﬁse (5.57)
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Whereys 4ot fixeqlS the unique solution to the following equation:

1

N 2 N

Z Y _ Z

. _p2 Y 2 ac?

i= 1 pl IJaVE(WI',det,flxec) i= Un,norm(ylk',det,fixea + O_%(Y:y{_,dm’ﬂxeapiz

., (5.58)

with p1, p2,. .. pn representing the ordered eigenvalues of matriX@] > |pz| >
... > |pn| and pmax= [p1].

Proof. Consider the diagonalization of mati: As = LDLT, whereL"L = | and
D = diag{p1,p2,--.,pn}- The following can be easily confirmed from Eq. 5.54:

_ P q+C72P%Ur{ave(ﬁ') q+cizpﬁar{ave(ﬁ') T . .
E(P[eo]) = Ldlag{ T P2hae¥) T 1 Rbiend %) L', which results in

A+ ¢ P70 ave(¥F)
e - L pE e
1— piHave(Y7)

(5.59)

Let V7 horm fixed FEPrESENt @NY solution to Eq. 5.56. It can be easily verified t
w is only zero atys om fixed NEXt We show that Eq. 5.56 has a unique
solution. Assume that Eq. 5.56 has two SOIUtiofS;omm fixed 12N V¥ norm fixed,2>
YT norm fixed, Sinced; is a non-increasing function of, we will have the following:

2 ¢*q

uave(VTk,norm,fixed,]) + Un,norm(VF,norm,fixed,]) + Pr%axar%(ﬁnorm,ﬁxed,l) -

2 ¢*q _

[“ave(ﬁ,norm,fixed,z) + Gn,norm(wr,norm,fixed,z) + Pr%axar%(ﬁnorm,ﬁxed,ﬁ -

) al X 2
/ﬁ',norm,ﬂxed,lx(y,)dy_F VI"norm,flxed,Z O'rI (\/)X(Y) dY+

Y1 normfixed,2 Y normfived.1 af(Y = W’,norm,fixed,])
1 1 w
2
(O‘%(Y_ WI’,norm,fixed,]) - Ur%(Y': Wl',norm,fixed,2)) '/anorm,fixed,zan (MxMav+
2 ) <0 .
CYR S S )
Pmax \ On (Y_ WI’,norm,fixed,]) oy (Y_ Wl',norm,fixed,z)

<0

(5.60)
Thereforé, Vi | m fixed 1= ¥ nom.fixed.2 L€t Y7 be the critical stability threshold
defined in the previous section:-1p2 ave( Y c) = 0. We havey o fixea < Y.c-
Consider those cases where there exists a non-negatit®adio Eq. 5.56. Then
using the fact that lijg _y;, E(P[e]) — o shows thatys . .eq COrresponds

to the unique minimum OME(P[”]) Il 1-€. Y7 norm fixed = W normfixed If the process
noise is the dominant noise, compared to the communicatiwenthere may be no

2N 993(Y) ;
ote that—4y— is taken to be zero only asymptotically.
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positive solution to Eq. 5.56. It can be easily seen thatuithscases||E(P[e]) ||

will be an increasing function fory > 0, resulting inYT’fnorm‘ﬁxed: 0.

_— . P'zgizo—r%.ave(yl )+d
Next we willfind ¥ g, e We will have, de(E(P[])) = M o e 0
It can be easily confirmed that

9 det E(Poo])

_ pf
v =x0¥7)

11— szllaVE(YT)

(5.61)

Mz

M1 (¢ %0 avel(¥5)P? +0) [
ML (11— pPHave(Y7))
N ¢ Pop(Y=Y)pf

- ,Zl G202 e Y7 )P7 + q} '

J

Therefore,‘%ﬂMzﬁ setieg = O Will resultin Eq. 5.58.
In a similar manner, it can be easily confirmed that Eq. 5.53hanique solution

and that¥y 4, fixeq COrTesponds to the global minimum of the determinant of the
asymptotic average estimation error variance. a

Theorem 5.3 shows that in this case, the optimum way of drappackets is the
one that provides a balance between information lggg)and overall communica-
tion noise or{a\,e). Eqg. 5.56 (and Eq. 5.58) may not have a positive solutioroiépss
noise is the dominant noise compared to the overall comnatinitnoise (the third
term on the left hand side of Eq. 5.56, for instance, will tigeh considerably high
values). In such cases, the receiver should keep all theefmmaek communication
noise is not the bottleneck. However, as long as procesg i®isot the dominant
noise, the optimum way of dropping packets is the one thatiges a balance be-
tween information loss and communication noise as indithyeEq. 5.56 (and Eq.
5.58). Fig. 5.6 shows the asymptotic average estimatiam eariance as a function

6

10

— 5 Y_=5dB
ave

—o— Y, =10dB |

——Y, =15d8

___Y_ =20dB
ave

— v =25dB |4
ave

- -.Y_ =30dB
ave

Asymptotic ||E(PK])|

-4

10

107 10" 10° 10" 107
Yo
Fig. 5.6:Minimums of the curves indicate the optimum packet dropsthotd for the non-adaptive

case, when the knowledge of reception quality is not aviglabthe estimator.
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of a non-adaptive threshold, for different average SNRsfanthe same parame-
ters of Fig. 5.5. It can be seen tha¥f is too low, estimation performance degrades
due to excessive communication noise. On the other hanthda&y too high will
resultin the loss of information, which will degrade thefpemance. The optimum
Y7 (as predicted by Theorem 5.3) provides the necessary lmlagtoveen loss of
information and communication noise, reaching the minimwhthe estimation
error curves. A7 increases, the estimation will approach the instabilityions,
predicted by Eq. 5.18 due to high information loss. Note tiaite Eq. 5.56 is de-
rived for symmetricA matrices, Fig. 5.6 is plotted for a non-symmetric one. Yet th
minima of the curves satisfy Eq. 5.56. This suggests thahdasiexpression could
be valid for the general case.

Fig. 5.7 (left) shows the trace of the average estimatiooremariance as a func-
tion of time and for both adaptive and non-adaptive appreachhe average SNR
is 18dB for this figure and the rest of the parameters are tine s in Fig. 5.5.
Performance for the cases ¥ = 0 and Yy = Y{ are also plotted for compari-
son, which show that they perform poorly in this case. Fig. (Bight) shows the
corresponding thresholds for this figure. It can be seenttlieafdaptive approach
chooses lower thresholds (on average) at the beginningetawas the estimation
error variance decreases, it can afford to choose highesltbids. As compared
with the non-adaptive approach, it can be seen that the imdaguproach performs
better, as expected. By monitoring the current estimatioor &#ariance constantly,
the adaptive approach can optimize the threshold betteveler, in order to do so,
it (the physical layer) requires constant knowledge of tstngation error variance
from the application layer. Furthermore, the optimum thodd for the adaptive case
can take values close to the critical threshold more oft@nder to optimize the per-
formance. However, this comes at the cost of decreasingdbdity margin. Thus,
there are interesting tradeoffs between the two approaéligs5.8 shows similar
curves for the case of average SNR of 25dB. Similar trendbeaeen.

=T =0
Y7 =75, L L
. +Optimal (Non-Adaptive)||
—o -oOptimal (Adaptive) B o ;
= 8
= =
: M =
&

a | o
B ] H
B0 e Adaptive (averaged)
Ak ---Adaptive (one run) | |
E —Non-Adaptive
o 15,
1072 . i 5 i . :
0 10 40 50 D 10 30 40 50

timze? step (k)éo tim%ostep (k)
Fig. 5.7:(left) Packet drop threshold optimization for the case \etibe estimator has no knowl-
edge of the reception quality ang,e = 18dB. (right) The corresponding thresholds for the left

figure.
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10 T T T T 60y

=Y =0
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Fig. 5.8:(left) Packet drop threshold optimization for the case wtiae estimator has no knowl-
edge of the reception quality ang,e = 25dB. (right) The corresponding thresholds for the left
figure.

5.4.2 Estimator has full knowledge on the reception quality

In this part, we consider the case where the full knowledgeoéption quality R)

is available at the estimator. Consider Eq. 5.19 (secondtlard lines). First, we
characterize the one-step optimization of packet drop¥,éit] andYs, k] represent
two possible thresholds at time stepwhereY, [k < ¥5,[k]. Note thatR(Yk]) =
Rs+ a2(Y]K)I. Then, givenP[K], it can be easily confirm (using Eq. 5.19) that if
Y7, (K < YTk < ¥5,[K], thenP[k+ 1] < P>[k+1]. Otherwise Py [k+ 1] = Po[k+1].
Therefore, for any SNR at time we haveP; [k+ 1] < P;[k+ 1]. This means that the
design with a smaller threshold will lower the next stepraation error variance.
Therefore, the optimum threshold will be zerg: = 0. Next, we consider non-
adaptive optimization of4.

Theorem 5.4.Consider Eq. 5.19. Keeping all the packets, Yie= 0, will minimize
the estimation error covariance at any time and therefaeiterage too.

Proof. Let P, andP, represent estimation error covariance matrices of twonesti
tors using fixed thresholds of1 andYr2, whereYy: < ¥g2. Then,MM,1[K] < M;2]K].
Assume thaP;[0] = P>[Q]. It is easy to see th&y [1] < P»[1] for any Y]0]. Consider
the case wherB, [k] < P»[K]. Then, we have

Pik+1] = AR[KAT +Q— AR [K] (Pu[K] + Mz2[k]) * Pu kAT
= Q+Anz,2[k]AT _AHZZ[ ]( 1[ ]"’ nzZ[k]) lI_IZZ[ ]A (5 62)
= Q+Aﬂz,2[k]AT — Al [K| (Po[K] 4 IM22[K]) 1”22[ KA '
= Polk+1].
Therefore Yy = 0 minimizes the estimation error variance at any time as agits
average. ad

Fig. 5.9 shows the performance of threshold optimizatiarbfath cases where
the estimator has “full knowledge” and “no knowledge” on tieeeption quality.
It can be seen that the case with full knowledge (optimumstioé is zero in this
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case) performs the best, as expected. It can also be seetm¢haerformance of
the adaptive approach, when channel knowledge is not alaitd the estimator, is
close to the case of full knowledge.

10 ‘ " [#No knowledge (Non Adaptive)
#No knowledge (Adaptive)
©Full knowledge (Y1 = 0)
10°
=
=
=)
&
=
+ 10—1
10 10 20 30 40 50

time step (k)

Fig. 5.9:Packet drop threshold optimization for both cases wherestienator has “full knowl-
edge” and “no knowledge” on the reception quality a6¢ = 18 dB.

5.5 Conclusions and Further Extensions

In this chapter, we considered the impact of both stochastiemunication noise
and packet drop on the estimation of a dynamical system owéredess fading
channel. We characterized the impact of the knowledgeablailon the link quali-
ties, by considering the stability and performance of tluases of Kalman filtering
with “full knowledge”, “no knowledge” and “partial knowlegk”. We then proposed
adaptive and non-adaptive ways of optimizing the packgt @r@rder to minimize
the average estimation error variance of the Kalman filter. ©sults showed that
considerable performance can be gained by using our prdnization frame-
work. There are several ways of extending our results, asiseeissed throughout
the chapter. We assumed an invertiBlenatrix. Furthermore, the derivations of the
partial-knowledge case were carried out assuming thatriberk part of stochastic
noise variance is small. Our proposed optimization frantkved Section 5.4 can
also be extended to scenarios where the physical layer aslyéartial information
on the link quality, such as an upper bound. Mathematicdigracterizing the per-
formance of such cases and properly optimizing the threlsaid among possible
extensions of this work. Finally, we assumed stochastimostary channels in this
chapter. Our framework can be easily extended to the casemsétationary chan-
nels.
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5.6 Appendix

Let P [k] andP;[k] represent the estimation error covariance matrices of digen
free and full knowledge cases respectively. From Eq. 5.22kmow thaﬂE(Pz[k+

1]) = ave( Y7 ) AE (P:[K]) AT + Q. Therefore, we can easily establish th4e,[K]) =
E(PiK) = E(P[k+1]) = E(Pi[k+1]). Next, we compare the average dynamics
of the full knowledge case with that of no knowledge. Bglk] andP,[k] represent
the estimation error covariance matrices of full knowledgd no knowledge cases
respectively. We have,

(Pl k—|— 1 ‘Pl ) =
(1 Have(¥7) ) E(Pik+ 1]|PL[K], YTK] > ¥7) + plave( Y7 ) E (Pi[k + 1] [Po[K], YIK < ¥5 ).
(5.63)
Using Lemma 5.1, it can be easily confirmed tRgk + 1] is a concave function
of Zz( [k]) in Eq 5.19. Therefore, using conditional Jensen’s inatyale have,
E(Pik+1]|PLK], YTK > ¥5) < AR[KIAT +Q— f (Pi[K]), where

f(PuK]) = AF‘l[](Pl[H—C B (5, K| YK > Y5 )C™ T)ilPl[k]AT, (5.64)

andE (Py[k+1]|P[K]) < AR KAT +Q— (1— pave(¥7)) f (PL[K]). It can be seen, us-
ing Lemma 5.1, thaf is a convex function oP; [k]. Therefore by applying Jensen’s
inequality,E (Pi[k+1]) < AE(PL[k])AT +Q— (1— tave(¥7)) f (E(P1[K])). By not-
ing thatE (Z(YTk]) | YTk > ¥7) = lR’ZV"(Tr % it can be confirmed, after a few lines
of derivations using Eq. 5.16, th@(P.[k]) = E(P[K) = E(R[k+1]) =

E(Pi[k+ 1]). Then, the stability condition for the full-knowledge casen be es-
tablished in a similar manner to Theorem 5.1.
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