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Abstract — In this paper, we consider a mobile robotic network
that is tasked with building a map of the objects/obstacles in an
environment. We are interested in the see-through mapping of the
obstacles, i.e., a mapping approach that can build the spatial variations
of the occluded structures. We consider two cooperative mapping
approaches based on making a small number of random or coordi-
nated wireless channel measurements between pairs of robots. Our
preliminary past work suggested that the coordinated approach may
perform better than the random case. In this paper, it is our goal to 1)
better understand if and to what extend this is correct and 2) validate
our findings with a robotic experiment. More specifically, we show
that the right approach for comparing the coordinated and random
sampling patterns is to look at this problem from the perspective of
optimizing the number/choice of the angular motion directions. In
particular, random sampling can be considered as an asymptotic case
where the total number of given wireless measurements are randomly
distributed over an infinite number of angles. We then establish
that the total number of available channel measurements should be
distributed over a small number of angles, that is bigger than or equal
to the number of jump angles of the structure, with a preference given
to the angles of jumps. Finally and most importantly, we validate our
findings by mapping occluded structures on our campus, based on
only wireless channel measurements and by using our experimental
robotic setup.

I. INTRODUCTION

Over the past few years, considerable progress has been
made in the area of mobile sensor networks [2]-[14]. Such
networks can play a key role in areas such as emergency
response, surveillance and security, and battlefield operations.
Accurate mapping of the obstacles/objects is key to the robust
operation of unmanned autonomous networks. The obsta-
cle/object map can be a 2D (or 3D) map of the environment,
where we have zeros at locations where there is no obstacle
and non-zero values at obstacle locations. In several scenarios,
it also becomes important to have “see-through capabilities”
and map the objects without direct sensing. For instance,
the robotic vehicles may need to build an understanding of
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the objects inside a room, before entering it. Having see-
through capabilities saves the overall obstacle mapping time
and energy, by eliminating the need to sense all the objects
directly.

In general, devising see-through mapping strategies, i.e.
mapping without direct sensing, can be considerably chal-
lenging. In most related mapping work, such as Simultaneous
Localization and Mapping (SLAM), only areas that are directly
sensed are mapped [15]-[19]. Similarly, approaches based on
generating an occupancy map also address reducing the uncer-
tainty of direct sensing [20], [21]. However, areas that are not
sensed directly are not mapped. In the wireless communication
literature, it is well-established that the shadowing component
of a wireless transmission contains implicit information on
the objects located on the path between the transmitter and
receiver [22]. Thus, wireless measurements, between pairs of
robots, can possibly be utilized for non-invasive obstacle map-
ping. Along this line, in [23]-[25], we proposed a framework
for compressive obstacle/object mapping in robotic networks,
with see-through capabilities, based on making a few wireless
channel measurements. Wireless-based detection has also been
explored. For instance, in [26], authors use a transmitter that is
buried underground and several fixed receivers on the surface
to detect underground tunnels/facilities using radar. Similarly,
in [27], [28], the authors build a network of several dozen fixed
sensors in order to track a person, based on making several
measurements between pairs of sensors.

Our past work on wireless-based obstacle mapping was
mainly based on making coordinated wireless measurements.
In a coordinated approach, the transmitting (TX) and receiving
(RX) robots make wireless measurements while following a
coordinated motion pattern over a number of angles. This,
however, may not be feasible due to environmental constraints.
In a random-sampling approach, on the other hand, the TX/RX
robots can take any arbitrary position and do not have to
follow any specific motion pattern, as we defined in [1].
Our preliminary simulation results of [24] suggested that the
coordinated sampling case may perform better than the random
one. In this paper, we are motivated by our past work and want
to thoroughly understand and compare the performance of the
coordinated and random sampling approaches. We show that
the right approach for comparing the performance of these
two motion-sampling patterns is to consider the relationship



between the reconstruction quality and the angular directions
where the map is sampled. More specifically, we show that
the total number of available channel measurements should
be distributed over a small number of angles (bigger than or
equal to the number of jump angles of the structure), with a
preference given to the angles of jumps. This suggests that
the coordinated approach does not necessarily have a better
performance than the random case unless the jump angles are
chosen. We also validate our findings in an experimental setup
that can involve environmental constraints.

In general, extracting the obstacle information without
making a prohibitive number of wireless transmissions, is
considerably challenging. In order to address this and enable
the mapping, based on a small number of wireless trans-
missions, we utilize the new theories of compressive sensing
[29], [30]. The impact of multipath fading further makes our
wireless-based mapping considerably challenging. Following
the same approach of [24], we use adaptive narrow beamwidth
antennas to limit the impact of multipath fading. Using our
experimental robotic platform, we then show the performance
of both approaches in mapping real structures on our campus
and having see-through capabilities, based on only making a
few wireless measurements.!

The rest of the paper is organized as follows. In Section
I, we provide a brief overview of the area of compressive
sampling, as relevant to this paper. In Section I1I, we explain
the foundation of our wireless-based mapping and introduce
the random and coordinated approaches. In Section 1V, we
show the performance and the underling tradeoffs of the two
approaches, using both simulation and experimental results.
We conclude in Section V.

Il. A BRIEF OVERVIEW OF COMPRESSIVE SAMPLING
THEORY [29]-[31]

Consider a scenario where we are interested in recovering
a vector € RY. For 2D signals, vector = can represent the
columns of the matrix of interest stacked up to form a vector.
Let y € R¥ represent the incomplete linear measurements of
vector z, where K < N. We have
1)
where @ is the observation matrix. Since K < N, the system
is severely under-determined and we can not uniquely solve
for 2 based on the observation set y. However, suppose that x
has a sparse representation in another domain: 2 = I'’X, where
T is an invertible matrix and X is S-sparse, i.e. |supp(X)| =
S < N. This implies that the number of non-zero elements
in X is considerably smaller than V. Then we will have

y =X, )
where ¥ = & x I'. In general, solving for vector X requires
solving the following non-convex combinatorial problem:

y = Pz,

min || X||o, subjectto y = TX, 3)

where || X ||o denotes the zero norm of vector X. The compu-
tational complexity of solving this problem, however, can be

L1t should be noted that wireless-based mapping is not a replacement for the
current obstacle mapping techniques but rather a complement, by providing
the additional see-through capability.

very high. Recently, there have been several breakthroughs in
solving this problem with a considerably lower computation.
Specifically, consider the following relaxation of the afore-
mentioned ¢, optimization problem:

min|| X ||, subjectto y = UX. 4)

This ¢; relaxation, under certain conditions, can exactly re-
cover X from the measurement vector y [29]. In our case,
we are interested in reconstructing an obstacle map. Thus,
the spatial variations of the map (gradient) are also consid-
erably sparse. In such cases, another related sparsity-based
reconstruction approach is to use the sparsity in the gradient
[29], [32], [33]. Let f = [fi,] denote an m x m matrix
that represents the spatial function of interest. Define the

following operators: Dy, ; :(f) = fivrg = fig i<m

g op h,i,j (f) { fi,j _ fl,j i=m
S fig— Sy d<m

and D, ; ;(f) = —ry D Gem Then, the Total

Variation (TV) functioZnJis défined as follows:
TV(f) = Y I1Di; (F)ll;
ij

where D; ;(f) = [Dn,ij(f) Do, ;(f)], and the |.|| oper-
ator can either represent the ¢, norm, corresponding to the
anisotropic discretization of TV, or the £5 norm, correspond-
ing to the isotropic discretization of TV. TV minimization
approaches then solve the following problem or a variation
of it:

(®)

min TV(f), subjectto y = ¥ x X, (6)

where X is a column vector that results from stacking up
the columns of matrix f, and y is the observation vector,
which is linearly related to X through matrix W . In [34],
the authors show that solving Eq. 6, based on both isotropic
and anisotropic TV, results in a similar reconstruction. We
have also observed that at the low sampling rates used in this
paper, anisotropic and isotropic TV vyield very similar results,
in terms of speed of convergence and reconstruction quality.
Consequently, unless we specifically indicate otherwise, the
results of this paper are based on using anisotropic TV.

The concept of Total Variation was first introduced in [35]
for image denoising. TV minimization is a variant of ¢,
relaxation that tends to give sharper results on certain types
of signals [36], and is effective in restoring signals that have
staircase characteristics [37]. Thus, it is especially appropriate
for the recovery of obstacle maps since the borders, separating
different objects, result in sharp discontinuities. Recently,
TVAL3 (TV Minimization by Augmented Lagrangian and
Alternating Direction Algorithms) is proposed for solving the
TV minimization problem efficiently and robustly, which we
will use extensively in this paper [33].

I1l. COMPRESSIVE COOPERATIVE MAPPING OF
OBSTACLES

In this section we show how a group of mobile nodes can
build a map of obstacles, including occluded ones, by using
only wireless measurements. We start by summarizing the
work of Mostofi et al. for obstacle mapping based on wireless



measurements [1], [23], [24]. We then discuss and compare the
two approaches of random and coordinated mapping, address
the optimum number and choice of the measurement angles,
and most importantly show the performance with an experi-
mental setup. We consider building a 2D map of the obstacles
in this paper. This means that for real 3D structures, we
reconstruct a horizontal cut of them. However, our proposed
approach can be easily extended to 3D maps.

Figure 1 shows a sample 2D obstacle map where a number
of vehicles want to map the space before entering it. Let
gn(u,v) represent the binary map of the obstacles at position
(u,v) for u,v € R. We have

_ [ 1 if (u,v) is an obstacle
gn(u,v) = { 0 else )
Consider the received signal strength in communication from
Transmitterl to Receiverl in Fig. 1. As it is well estab-
lished, there are three dynamics associated with the spatial
variations of the channel quality and therefore the received
signal strength [22], [38], as indicated in Fig. 2. The slowest
dynamic is associated with the signal attenuation due to the
distance-dependent power fall-off (path loss). Then there is
a faster variation referred to as shadow fading (shadowing),
which is due to the impact of the blocking objects. This
means that each obstacle along the transmission path leaves
its mark on the received signal by attenuating it to a certain
degree, characterized by its properties. Finally, depending on
the receiver antenna angle, multiple replicas of the transmitted
signal can arrive at the receiver, due to the reflection from
the surrounding objects, resulting in multipath fading, a faster
variation in the received signal power [39], [40]. The shad-
owing component of the communication from Transmitterl
to Receiverl, therefore, contains implicit information of the
obstacles along the communication path.

Receiver1
e W
eceiver. dashed ray (line)
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Fig. 1. An indoor obstacle map with the obstacles marked in white and the
illustration of compressive cooperative mapping, using coordinated wireless
measurements (case of Transmitterl/Receiverl and Transmitter2/Receiver2)
and random wireless measurements (case of Transmitterl/ Receiverl and
Transmitter3/Receiver2).
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Fig. 2. A real channel measurement and the corresponding three underlying
dynamics.

Consider the dashed ray (line) that corresponds to distance
d and angle 6 in Fig. 1. This line is at distance d from the
origin and is perpendicular to the line that is at angle # with
the x-axis. Let P(6,d) represent the received signal power in
the transmission along this ray.? We can model InP (6, d) as
follows

InP(0,d) = InPr + By — aInl(6,d)

transmitted
power in dB

+2n

shadowing effect due to
blocking objects(<0)

path loss (<0)

(60, d)n; (0, d) + wes(6,d),  (8)
———

multipath fading

where Pr represents the transmitted power, Sqg is a constant
that is a function of system parameters, « is the degradation
exponent of the wireless signal and I(6,d) is the distance
between the transmitter and receiver across that ray. For the
shadowing term, r; is the distance travelled across the i™
object along the (0, d) ray, n; < 0 is the decay rate of the
wireless signal within the i object, and the summation is
over the objects across that line. As can be seen, shadowing
characterizes wireless signal attenuation as it goes through the
obstacles along the transmission path and therefore contains
information about the objects along that line. The impact of
multipath fading is modeled by wqg (6, d) = Inw(6,d) where
w(#,d) is a positive random variable with unit average. Then
we have

h(,d) 2 InP(0,d) — InPr — (Bgg — alni(9,d))
= > ri0,d)ni(6,d) + was(9, d).
N—_——

B

©)

multipath fading

shadow fading effect

By using an integration over the line that corresponds to 6 and
d, we then have:

(o, d) = / / g(u,v)dudv + weg (6, d),  (10)
line (6,d)
where ;
g(u,v) = { n(%’v) I gn(étlge)) =1 (11)

2We assume negligible receiver thermal noise in our formulation. However,
our experimental results naturally experience receiver thermal noise as well
as other noise sources.



with g, (u, v) representing the binary map of the obstacles, as
indicated by Eq. 7, and n(u,v) denoting the decay rate of the
signal inside the object at position (u,v) (see n;(6,d) in Eq.
8). g(u, v) then denotes the true map of the obstacles including
wireless decay rate information. This is what the cooperative
mobile nodes need to reconstruct based on pair-wise wireless
measurements.®

Our compressive cooperative obstacle mapping framework
uses the fact that i (0, d) contains implicit information on the
traversed obstacles. However, it is challenging to obtain g
from a very few wireless measurements. In order to make this
possible, we use the aforementioned theories of compressive
sensing, which allow us to extract this information based on
sparse wireless measurements. The impact of multipath fading
further makes the reconstruction considerably challenging. In
order to address this and limit the impact of multipath fading,
we use adaptive directional antennas, with a small beamwidth
(angle), for both the transmitting and receiving robots [24].
Here is a summary of our experimental setup.

A. A Summary of the Experimental Robotic Platform and the
Impact of Multipath Fading

In our experimental setup, we use a number of Pioneer P3-
AT mobile robots [41]. We have equipped each robot with
a directional narrow-beam antenna, from Laird [42], which
is crucial in limiting the impact of multipath fading. Each
antenna has a 21° horizontal and a 17° vertical beamwidth, a
15 dBi gain and is suitable for IEEE 802.11b/g applications.
We have further developed the needed servo control hardware
and software for automated antenna rotation, angle control
and alignment so the TX and RX robots can stay aligned
during the mapping operation. Each robot is equipped with
an |IEEE 802.11g wireless card and can record the received
signal strength as it moves. Fig. 3 (left) shows the resulting
platform with the directional antenna mounted, while the right
figure shows two of our robots making wireless measurements
in order to see through the walls and reconstruct the obstacle.

Fig. 3.
mechanism/fixture and an adaptive narrow-beam directional antenna and
(right) two robots in action on our campus, making wireless measurements in
order to map the obstacle.

(left) A pioneer 3-AT robot equipped with our servo control

Since our mathematical modeling of a wireless transmission
can not embrace all the propagation phenomena, we do not
expect a perfect recovery with a very small number of wireless

3Note that we do not assume any knowledge on n in our reconstructions.
In other words, our approach needs to solve for n. Furthermore, we do not
assume any a priori knowledge on the heterogeneity or homogeneity of the
structure.

measurements in a real environment. However, as long as the
reconstruction is informative, for the cooperative operation of
the robots, it could be considerably valuable. Next, we develop
the details of obstacle mapping based on both coordinated and
random wireless measurements.

B. Coordinated Wireless Measurements

Consider the line (ray) that passes through Transmit-
terl/Receiverl in Fig. 1. In the coordinated case, two ve-
hicles move outside of the structure, in a coordinated fash-
ion, such that the angle of their corresponding ray stays
perpendicular to the line that passes through the origin at
angle 6. A number of wireless channel measurements are
then made at different ds (both positive and negative). We
say that the robots are making measurements at angle 6 in
this case. The positions indicated by Transmitterl/Receiverl
and Transmitter2/Receiver?, for instance, are two examples of
coordinated measurements at angle 6. The robots then repeat
the process for other 6s. For a given angle 6;, we define a
set of ordered ds where measurements are taken, as follows:
D; = {di(6;),d2(6;),...,dn,(0;)}, where N; denotes the
total number of gathered measurements at angle ;. In this
paper, we only consider periodic coordinated measurements
with respect to d, due to space limitations.* In other words,
we consider the case where the measurements are such that
for all ¢, the distance Ad;(0;) = dj+1(0;) — d;(0;), for
1 < j < N;—1,is a constant denoted by Ad. Without loss
of generality, we assume that d;1(6;) > d;(6;).

In practice, the parameters of the path loss component of the
received signal in Eq. 8 can be estimated by using a few Line
Of Sight (LOS) transmissions in the same environment, as we
have shown in [39], [40]. Therefore, the impact of path loss
can be removed and the receiving robot can calculate i (6, d).
Thus, for each 6 and d pair, a wireless transmission and
reception is made, which results in measuring a line integral
of Eq. 9. Then f of Eq. 6 is the spatially-discretized version
of g of Eqg. 11. Let X of Eq. 2 be the vector representation
of f, where the columns are stacked up to form a vector.
Let vector y. denote the vector of the gathered samples of
h(0,d) of Eq. 9, using coordinated measurements. We have
ye = V.X + e, where ¢ models the impact of multipath
fading and measurement noise. In each row of ¥, the non-
zero elements correspond to the obstacle map pixels that the
corresponding ray visited, with each non-zero value indicating
the distance travelled in the corresponding pixel.> We then
use the sparsity in the spatial variations (TV) in order to
reconstruct the obstacle map, as discussed in Section 11.°

4The observations of this paper are also equally applicable to the case of
non-periodic coordinated sampling.

SWe can also approximate the distance travelled in each pixel by the size
of a side of a pixel as long as the designated resolution of the map is not too
low. This can simplify our modeling and reconstruction, which is what we do
in the next section.

61t should be noted that there are other compressive sensing approaches
for reconstructing the obstacle map, based on coordinated measurements. For
instance, sampling in the frequency domain and sparsity in the wavelet can
also be utilized (for the same measurement vector), as we proposed in [24].
In [24], we showed that the approach described in this section, i.e. space
sampling and TV sparsity, provides a performance better than or comparable
to other approaches, but with the lowest computational complexity. Thus, we
use this approach in this paper.



We know from the compressive sampling literature, es-
pecially in the context of ¢, and ¢; optimization problems,
that a minimum number of measurements is needed to find
the correct solution. For our TV-based coordinated obstacle
mapping approach, we can easily see this with a counter
example.

Definition 1 - Horizontal Wall Map: We define a Horizontal
Wall Map as a discretized obstacle map f of size m x m pixels
where a homogeneous horizontal wall of length p pixels, for
2 < p < m, is placed along the kth row of f, with no obstacles
anywhere else.

Lemma 1: Consider the case where e = 0. The TV mini-
mization of the spatial variations of the obstacle map based
on the coordinated wireless measurements y. = V. x X +e¢,
may not result in the correct solution if the number of gathered
measurements is too low or the sampling motion angles are
not chosen properly.

Proof: Consider the scenario where the Horizontal Wall
Map is sampled with coordinated wireless channel measure-
ments along # = 90°, such that one measurement is taken
along each of the m rows of f. Without loss of generality,
we assume that the decay rate of the wireless signal inside
the obstacle structure is equal to 1, i.e. n = —1 in Eqg. 11
and f;; € {0,1} Vi,j € Z, 1 < 4,5 < m. Let X be the
vector representation of the discrete obstacle map f. Also
let W9y denote the corresponding measurement matrix and
yoo represent the resulting measurement vector. We have the
following minimization problem:

min TV(f), subject to ygo = Pgo x X. (12)

Let [yg0]; be the ith component of yqo. Note that [ygo]; = 0
Vi # k, and [yoo]x = p. Thus, the feasible solutions are such
that f; ; =0 V(¢,7),4 # k. The TV of the recovered map can
then be characterized as follows where f; ; is the value of the
pixel at the i™ row and 5™ column of f:

TV (f)
=2(fx1+ fr2+. A+ from)
+ | fen = feol + | fr2 = fosl + o+ [fem — fral

=2p+|fr1 — feol +1fr2 — fesl+ .+ | fom — fral
(13)

It can be seen that for this case, TV (f) is minimized if
and only if fr1 = fr2 = ... = fe.m = 2. However, it does
not correspond to the original map f where the kth row has
p < m pixels equal to 1 and m — p pixels equal to 0. [ ]
C. Random Wireless Measurements

Due to the environmental constraints, it may not always
be possible to make coordinated measurements. For instance,
the path where the robots need to move for making co-
ordinated measurements may be partially blocked. In such
cases, the robots can make measurements at different 0 and d
pairs that are chosen randomly, without trying to maintain a
specific pattern. In Fig. 1, the positions indicated by Trans-
mitterl/Receiverl and Transmitter3/Receiver2, for instance,
indicate an example of such a case. Similar to the coordinated
case, we have y,. = VU,.X + e, where vector y,. denotes
the gathered samples of h(6,d) of Eg. 9, using random

measurements and W, is similar to ¥., except that in this
case it does not have the coordinated structure. Similar to the
previous case, we use the sparsity in the spatial variations
(TV) for map reconstruction. While the performance of the
coordinated approach in mapping real occluded structures was
shown in [24], the performance based on random wireless
measurements has not been shown before, which is one of
the goals of this paper.

IV. COORDINATED OR RANDOM WIRELESS
MEASUREMENTS?

So far we have discussed two approaches for obstacle map-
ping, using random and coordinated sparse wireless measure-
ments. By incorporating a random offset in the range [0, Ad)
to the start position of the first coordinated measurement
sample along each angle, the case of random sampling can
indeed be considered as a special case of coordinated, when
the total number of available measurements are randomly
distributed among an infinite number of angles. Based on
this approach, in this section we compare the performance of
the two approaches and show the underlying tradeoffs, using
both simulation and experimental results. More specifically,
we discuss the optimum number of measurement angles, as
well as the choice of angles, to distribute a given number of
measurements. We furthermore show the performance of both
approaches, in an experimental setup that involves environ-
mental constraints.

In order to motivate our discussion, we start by comparing
the performance of the random and coordinated approaches,
in a simulation environment, where we can directly simulate
h(0,d) of Eq. 9, without the impact of multipath fading. This is
then followed by our experimental results. Consider the prob-
lem of reconstructing the T-shaped structure of Fig. 4 (right).
Fig. 5 shows this reconstruction, in a simulation environment,
where only 0.77% measurements are taken. This sampling rate
denotes the total number of wireless transmissions divided by
the size of the 2D map in pixels (in percentage) [23]. For
the coordinated case of the left figure, all the measurements
are made periodically along one angle (6 = 0° with the
x-axis in this case) while the right figure corresponds to
the case of random measurements, i.e. the measurements are
randomly distributed over a very high number of angles.” It
can be seen that the random case performs better than the
coordinated one, in this case, since it measures the object
from different angles. However, neither of these two cases
provide a good enough reconstruction quality. Then, we have
the following question: given a total number of possible pair-
wise wireless measurements, what is the optimum number
of angles (optimum in terms of reconstruction quality) to
distribute the measurements over? If the optimum number of
angles becomes very large, then a more randomized strategy
becomes appropriate. Before we can answer this question,
however, we need to address the choice of optimum angles.

Consider a structure whose layout corresponds to Fig. 6
(left), which has walls laid out along seven different angles.

"Note that for the random case it is not necessary for each angle to have
at least one measurement.
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Fig. 4. Obstacle maps corresponding to (left) a section of the basement of our
building, (center) a blocked diamond-shaped column and (right) a T-shaped

column.

Fig. 5. Comparison of our mapping framework in the reconstruction of the
T-shaped structure of Fig. 4, at 0.77% sampling rate, with (left) coordinated
samples distributed over one angle and (right) random sampling.

Consider the case where two robots are making coordinated
measurements, along a given number of angles in this environ-
ment. If the robots can freely choose the angles across which
to make wireless measurements, then it is intuitive that the
angles that correspond to the directions of the most changes
(jumps) in h of Eq. 10 should be sampled first. Fig. 6, for
instance, shows the case where the robots can make a given
number of wireless measurements across a given number of
angles. The figure shows the impact of choosing some (or
all) of the measurement angles to be along the directions of
jumps. It can be seen that as the robots make more coordinated
measurements along the directions of jumps, the performance
improves considerably. While proving this mathematically for
a general map is beyond the scope of this paper, we provide
a simple proof for the case of Horizontal Wall Map defined
in section I11-B.

Lemma 2: Consider the Horizontal Wall Map of Definition
1 and the case where e = 0. Then, sampling along the
angle where the majority of the jumps occur (¢ = 90°)
provides a better reconstruction quality than sampling along
6 = 0°. Furthermore, if a binary constraint is enforced in
the reconstruction, the samples at # = 90° provide more
information.

Proof: Similar to the proof of Lemma 1 and without
loss of generality, we assume that the decay rate of the
wireless signal inside the obstacle structure is equal to 1,
i.e. n = —1 in Eg. 11. Consider the scenario of Lemma 1,
where the Horizontal Wall Map is sampled with coordinated
wireless channel measurements along & = 90°, such that one
measurement is taken along each of the m rows of f. Let Woq
and ygo be as defined in Lemma 1 for this case. By using the
result of Lemma 1, we can calculate the reconstruction error
variance when sampling along 6 = 90° as follows:

2 p2

p 2D
Eg = (E_l) P+W(WL—P):P—E~ (14)

Next, consider the case where coordinated wireless channel
measurements are made along 6 = 0°, such that one measure-
ment is taken along each column of f. After a few lines of
derivations, we can confirm that we have the following error
variance for this case:

1 ? 1
Ey = (——1> p+—2(mp—p):p—£- (15)
m m

m

Clearly, FEyo < Ey.

If we further place a constraint on the TV minimization
problem that forces the solution to be binary for each pixel
(this would be the case if we knew n a priori), then the solution
may not be unique for the aforementioned two cases. In this
case, we can further analyze the amount of information that
each of the sampling patterns provides as follows. Consider
a binary map " with 0.5 probability of having an obstacle
at each of the 2™ pixels. Let X i represent the random
vector of the stacked columns of the map and also let X ;uin o
represent the random vector of the map conditioned on the
gathered wireless measurements along angle 6. We can easily
confirm that,

I(bein, beil;ﬁ:goo)
= H (X poin) — H(X foin

=m?— log, (m>,
p

where [ and H are the mutual information and the entropy
respectively. On the other hand, if the samples are such that
6 = 0°, then,

I(bein, bein;ezoo) = m2 — P 10g2 (m)

X fbin g—g00)
(16)

(17)

Since (") < m’ < mP, we conclude that
P p!

I(bein, bein79=900) > I(bein, bein79=00 )

[ ]

This observation is important, especially in mapping indoor
environments, since there are typically a small number of jump
angles (mainly perpendicular walls). Thus, if the environmen-
tal constraints allow it, then the directions with more jumps
should be sampled first, for the case of coordinated mapping.
Consider the case where the robots can make a given num-
ber of coordinated wireless measurements. We next discuss
the optimum number of angles, over which the given mea-
surements should be distributed. In this way, we also compare
the random and coordinated cases. In all these reconstructions,
first the angles that correspond to the directions of jumps
are chosen. The rest of the angles are then chosen so as
to make the angle distribution as uniform as possible, while
keeping the previously-chosen angles. For each angle, the
measurements are distributed equally spaced with distance
Ad. Furthermore, a random offset in the interval [0, Ad) is
used for the first measurement at each angle. Fig. 7 shows
the mapping performance for the three structures of Fig. 4,
where a total number of given measurements are distributed
over a variable number of angles. As the number of angles
increases, the randomness of mapping increases as well. As
can be seen, for each structure, there is an optimum number
of angles where the coordinated measurements should be
distributed. For instance, for the middle and right structures



Fig. 6.

(left) An obstacle map with discontinuities occurring at seven angles, (middle-left) reconstruction with no measurements along the jump angles,

(middle-right) reconstruction with some measurements along the jump angles and (right) reconstruction with all the measurements along the jump angles.

of Fig. 4, the optimum number of angles is 4 whereas it
is 10 for the left one.® The results suggest that the case
of random measurements (equivalent to a very high number
of angles) does not typically provide the best performance.
Furthermore, the optimum number of angles is typically equal
to or more than the number of jump angles of the structure.
As the structure becomes more complicated (the left structure
of Fig. 4), the given samples should be distributed over more
angles. We have consistently observed these behaviors with
other structures.
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Fig. 7. Error curves for the reconstruction quality of the obstacle maps of
Fig. 4, using our coordinated approach. As the number of angles increases,
the randomness of mapping increases.

A. Comparison of the Mapping and See-Through Capabilities
of the Coordinated and Random Cases — An Experimental Test

So far, we discussed the performance of the two approaches
in a simulation environment, and also without considering
environmental constraints. We next show the performance and
see-through capabilities of the two approaches in mapping an
obstacle structure (that includes an occluded part) on our cam-
pus. Figure 8 (left) shows a structure on our campus, with its
horizontal cut shown in the center figure. For the coordinated
case, two robots make coordinated movements and periodic
measurements along lines with angles 0°, 90° (marked on
the center figure), 45° and 135°. On the other hand, for
the random case, the transmitting and receiving robots make
wireless measurements at random positions along the dashed

8Note that this is independent of the existence of the column in the left
figure, since its contribution to the overall structure is small.

lines of Fig. 8 (right), while avoiding the cases where both
the transmitting and receiving robots are on the same side of
the structure. For the random case, we consider two scenarios
of unconstrained and constrained mapping. In the former, the
robots are free to position themselves anywhere outside of
the structure and make measurements at any position along
the dashed lines of Fig. 8 (right). In the latter, however, there
are environmental constraints (marked in the right figure) that
prevent the robots from moving along certain segments of
the lines. In order to have a fair comparison, all the three
approaches make the same number of wireless measurements.

Figure 9 shows the reconstruction performance for different
sampling rates.® Each sampling rate denotes the total number
of wireless transmissions divided by the size of the 2D map
in pixels, as discussed before. The top and bottom rows show
the performance for the two cases of 0.76% and 1.83% sam-
pling rates respectively. The three columns show the mapping
quality for the cases of coordinated, random unconstrained and
random constrained measurements from left to right. As can
be seen, the coordinated case, with measurements along four
angles, performs considerably better than the random ones,
as expected from the previous discussions of the paper. Even
at a very low sampling rate of 0.76%, the occluded column
can be clearly seen, in terms of its position and dimension.
Furthermore, the random unconstrained case outperforms the
constrained one, as expected. As the number of measure-
ments increases, the reconstruction performance improves for
all the cases. As mentioned earlier, we use anisotropic TV
minimization approach and TVAL3 solver [33] for all these
reconstructions. Fig. 10 compares the sampling rate needed
in order for the random (unconstrained) approach to have a
similar reconstruction quality (same MSE) to the coordinated
one. As can be seen, a sampling rate of 6.98% (3.81 times
more) is needed for the random case.

Fig. 11 then compares the performance of the coordinated
and random approaches as a function of the sampling rate.
The coordinated measurements are made along 0°, 90°, 45°
and 135°, whereas the random cases make measurements at
positions along the dashed lines of Fig. 8 (right), as explained
before. As can be seen, the coordinated case outperforms the
random ones.

9A threshold is applied to the reconstructed figures such that any value that
is 10dB below the maximum is zeroed. This was done because we noticed that
there could be scenarios where reconstructed pixels with very small values
get magnified by some printers or monitors with certain gamma settings. A
simple thresholding can avoid such cases.
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(left) An obstacle structure on our campus, (center) its horizontal cut and (right) illustration of the physical constraints that limit the positioning of

the robots for the constrained case. Our robots aim to reconstruct the structure, based on only making a few wireless transmissions from outside.
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Comparison of the mapping and see-through capabilities of the coordinated and random approaches in mapping the structure of Fig. 8, using our

experimental robotic platform. The top and bottom rows show the performance for the two cases of 0.76% and 1.83% sampling rates respectively. The three
columns show the mapping quality for the cases of coordinated (along four angles), random unconstrained and random constrained measurements from left
to right. It can be seen that the mapping performance improves considerably from right to left.

Random
unconstrained

Coordinated
with four angles

6.98 %
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Fig. 10. Reconstruction of the structure of Fig. 8, with (left) coordinated
sampling with 1.83% measurements along four angles and (right) random
unconstrained sampling with 6.98% measurements. Both reconstructions
result in the same Mean Squared Error (MSE).

As we discussed earlier, the performance of the coordinated
case depends heavily on the choice of the sampling angles. In
Fig. 9, four angles including the jump ones were sampled,
which resulted in the coordinated case performing better than
the random one. However, the random case can perform better
if the coordinated case is not sampled along the jump angles.
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Fig. 11. Error curves for the reconstruction quality of the obstacle map of
Fig. 8, using our coordinated approach along four angles and our random
approaches. Even at very low sampling rates, the coordinated approach
outperforms the random ones.

The next experiment shows this in mapping the structure of
Fig. 8. For the first set of measurements, the robots make
measurements along the jump angles of the outer wall i.e.
at 0° and 90°, while for the second set the measurements



Coordinated along 0° and 90°

Fig. 12.
and 90°), (center) coordinated sampling along 45° and 135°

Coordinated along 45° and 135°

Random unconstrained

Reconstruction of the structure of Fig. 8 with 0.76% measurements, with (left) coordinated sampling along the jump angles of the outer walls (0
and (right) random unconstrained sampling. It can be seen that random sampling can be more

informative than coordinated if the structure is not sampled along the jump angles in the coordinated case.

are made along 45° and 135°. As can be seen in Fig. 12
(center), making coordinated measurements along the angles
that do not correspond to the jump angles does not result
in a useful reconstruction as neither the outer walls nor the
occluded obstacle can be correctly mapped. In contrast, if
the jump angles are used, the location of the outer walls
can be correctly detected, as seen in Fig. 12 (left). On the
other hand, Fig. 12 (right) shows the reconstruction using
unconstrained random wireless measurements at the same low
sampling rate used for the coordinated cases (0.76%). As can
be seen, the reconstruction is considerably better than the case
of coordinated along 45° and 135° in Fig. 12 (center).

B. Practical Issues of Wireless-Based Obstacle Mapping

So far we established that the total number of available
channel measurements should be distributed over a small
number of angles, bigger than or equal to the number of
jump angles, with a preference given to the angles of jumps.
This, however, assumes that there are no environmental,
computational or hardware constraints in implementing both
approaches. In case of environmental constraints, the random
case has a clear advantage. In such cases, partial coordinated
measurements can be taken, within the limits of environmental
constraints, in addition to random measurements. Both the ran-
dom and coordinated cases require communication of position
information for antenna alignment. Furthermore, they need
narrow beamwidth antennas, to limit multipath fading (see Fig.
3). The random case, however, also requires a constant control
and adaptation of the antenna angles to maintain the alignment.
Thus, it needs a more advanced hardware. The coordinated
case, on the other hand, requires coordinated movement of the
robots. Finally, the computational complexity of solving for
the map is lower, using the coordinated approach. In summary,
we envision that both approaches will be used in practice,
depending on the operation environment and the available
hardware/software resources.

V. CONCLUSIONS

In this paper, we considered wireless-based cooperative
mapping of obstacles in a robotic network. Our goal was to
thoroughly understand and compare the performance of the
random and coordinated wireless sampling approaches, using

both simulation and experimental results. We showed that the
right way for comparing the performance of these two wireless
sampling patterns is to consider the relationship between the
reconstruction quality and the angular directions where the
map is sampled. More specifically, we established that the
total number of available channel measurements should be
distributed over a small number of angles (bigger than or
equal to the number of jump angles of the structure), with a
preference given to the angles of jumps. Finally, we validated
our findings by mapping an occluded structure on our campus
using our robotic testbed.
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